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The problem of the optimal control of oscillations using small control inputs is considered. It is assumed that in the first
approximation of the averaging method there is no change in the slow phase vector. A second-order averaging scheme is developed,
which enables the control problem to be solved over a time interval of length inversely proportional to the square of a small
parameter, that is, over an “elongated time interval”. Error estimates are obtained with respect to the phase trajectory, boundary
conditions, functional, and control. Results are presented for a special case ~ a linear-quadratic control problem with periodic
coefficients. The control of the phase and amplitude of non-linear oscillating systems is considered in model examples. © 2005
Elsevier Ltd. All rights reserved.

1. STATEMENT OF THE PROBLEM

The method of averaging [1, 2] is an effective tool for investigating weakly controllable oscillating systems
[3]. However, some problems of dynamics and control often lead to a non-standard situation, in which
the system of equations for the osculating variables has the form

= eX(t, x) + £ F(t, x,u), x(ty) = x°, el <g, (1.1)

where X and F are 2n-periodic piecewise continuous functions of the argument (time time) ¢, ¢ 2 £,
which are sufficiently smooth with respect to the phase n,-vector x and the control n,-vector u; they
may also depend on the small parameter &, but, for brevity, this will not be indicated. The domains of
admissible valuesx € D, and u € D, may be bounded or unbounded, open or (and) closed [1-3].

It is well known that in the first approximation of the averaging method, the evolution of the slow
vector x is determmed by the properties of the first term eX in system (1.1). There will be a significant
change Ax = [x—x°| ~ 1, for a change At = 1 -1y ~ 1/e in the argument, 1f the average { X) with respect
to ¢ of the function X does not vanish identically (and in that case {X(t, x°)) # 0). Otherwise, Ax ~ & for
At ~ 1/e.

Consider control system (1.1) with the condition (X} = 0. Simple estimates will then show that in the
general case the variable x may experlence a change sufficiently 51gn1ﬁcant to be of interest over an

“elongated” time interval At ~ £ . The standard procedure of the averaging method is not applicable
in such an interval; the situation demands a modified approach, which may be formulated and justified
using the methods of multiscale expansions [4] or averaging [5]. Such a procedure has been presented
and tested for a Cauchy problem [5] by solving meaningful problems of mechanics for the case of an
uncontrollable system (1.1) in the case when u =0 € D,. It is also applicable if the control function
u = u*(t, x), 2rn-periodic with respect to ¢ and smooth with respect tox € D,, is known and given.

We will give a brief outline of a scheme for constructmg a solution to the first approximation (with
error O(¢)) of degree two (over a time interval At ~ £72).
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The second-order averaging scheme in [5] prescribes a standard change of the variable x to y, which
is almost identical [1-6], and reduction of the Cauchy problem (1.1) to a special form with the coefficient
& on the right-hand side of the equation for y:

t
y+eX'(6,y), X'(h,y)=[X(s,y)ds, X'(t+27y)=X"(1,y)
fo

v = YLy +EW(LY), ¥1p) =1, ye D, 12)
Y(t,y) = X6, X1, y) + F2(1y),  F*(t,y)=F(t, y, u*(1,y))

>
I

The functions Y and W are obtained in the standard way by differentiating the substitution (1.2) with
respect to ¢ with reference to Eq. (1.1) at F = F*. The very cumbersome expression for the function W
in terms of X, X° and F* will not be presented here. It is 2n-periodic with respect to ¢, sufficiently small
and bounded as a function of y € D,, and may be a continuous function of .

We will now consider the Cauchy problem (1.2) in the interval Az ~ €72, It has been shown [5] that
the evolution of the system is determined by a truncated averaged equation and an initial condition of
the form

£ = Yy®), &) =", T=€1 At=1-T~1, Yo(y)=(Y(t) (1.3)

The dot denotes differentiation with respect to the slow argument (“time”) <. System (1.3) lends itself
much more easily than (1.2) to an analytical and numerical treatment. It does not contain the time
explicitly (is autonomous), and its solution & € D, depends on At. Of course, it is assumed here that
the function Yy(§) is fairly easy to construct. h

It has been proved [5] that the solutions of the Cauchy problems (1.1)—(1.3) are e-close together over
the relevant elongated time interval Az ~ £7:

|x(t, 10, 2°, €) - &(AT, x| <eC; 0<ArsLe™, x,y,Ee D,
(1.4)
ly(t, 15, 2°, €) ~ (AT, x| <eC; L, C = const

The constant C may be determined effectively [5] using Gronwall’s Lemma.
The approximate solution & is improved in the standard way, using the procedure of the averaging
method and the explicit expression for the function W. This approach, however, requires that the
functions X and F* should be smooth to a higher order. Henceforth, we shall limit ourselves to
constructing and investigating a solution g of the first approximation of degree two, that is, with an error
O(e) over the elongated interval At ~ €7
The procedure to be described may be used in a natural way to find approximate solutions of optimal
control problems for the motions of the oscillating system (1.1) which, within the context of the standard
approach [3], is weakly controllable: Ax ~ ¢ if At ~ € for bounded controls u, |u| ~ 1. We will consider
formulations, of interest in an applied setting, of problems with an integral functional J over a fixed
time interval ¢ € [, &]:
J{u] > min,, uelU
1
J = J\[ul=g(x(t))) + &' [G(t, x, u)dt (Problem 1)
fo
' (1.5)

g(x(1)) =0, J = Llu) = &[Gt x,wdt, 1;=

to

92 (Problem 2)

€
2
Et0=‘50~1

where, in both problems, G is a scalar function, 2r-periodic in ¢ and sufficiently smooth in x and u. The
coefficient & of the integrals in (1.5) is a normalization factor: if G ~ 1, the corresponding terms will also
be quantities of the order of unity. The function g — a scalar in Problem 1 and an n,-vector in Problem 2



Method of averaging for the optimal control of non-linear oscillations 3

— characterizes the conditions imposed on the final values x(#) of the phase vector and i 1s assumed to
be sufficiently smooth. In particular, g defines the measure of the required value x(f) = x f (where x7 is
given)

g=(x(t;)—x') N,(x(t,) - x) in Problem 1

1.6
g=N,(x(t;)~ xf) in Problem 2 (16)

where N is an n, X n, (symmetric) matrix, assumed to be positive semi-definite and N, is an n, X 5,
matrix, where 1 < n, < n,; if ny = n, and detN, # 0, then by (1.6) the second condition in (1.5) takes the
form x(7) = xy, corresponding to a two-point control problem [3, 6].

Thus, we are going to consider optimal control problems (1.1}, (1.5). Our aim will be to construct
approximate solutions for which the errors in the trajectory x and the functional J are at most O(g). A
smooth (not bang-bang) control u must be constructed with error O(g) in an open-loop, u,(f), or
feedback, u,(t, x), form. In the case of a bang-bang control, an error should be defined in terms of an
integral metric or a suitable functional [3].

2. APPROXIMATE SOLUTION OF OPTIMAL CONTROL PROBLEMS

We shall use the necessary conditions for optimality in the form of the maximum principle [6] (the
procedure will be analogous to what was done in [3]):

H = e(X,p)+€’[(F,p)-Gl »>max,, ueU

(2.1)
u = u¥(t,x,p), H* = e(X, p) + £ [(F*, p)— G*]

where H is the Hamiltonian of the control system (1.1), (1.5) and p is a variable (momentum) conjugate
to the phase vector x. The function u*, defined by the maximum condition (2.1), is a 2n-periodic or
periodically continuable function of t. Smoothness with respect tox and p is assumed in a certain domain
(x, p) € D, x D,,; with respect to ¢, it is sufficient to assume piecewise smoothness or continuity [3].

The initial phase variable x and the momentum p are found by solving the boundary-value problem
of the maximum principle with conditions corresponding to (1.1), (1.5) at ¢ = £, #4:

X = eX(t, x) + €2 F*(t, x, p), x(ty) = x°
0

) (2.2)

p = ~&(X, p)y~€[(F, )~ G\1* 1,St<t; = O

p(t;) = —g(x(tf)) in Problem 1

g(x(1)) = 0, p(tp) = (A g(x(2))); in Problem 2 (2.3)
where A is an n,-vector of Lagrange multipliers, which are computed together with the 2n, integration
constants of the Hamiltonian system (2.2).

The investigation of boundary-value problems (2.2}, (2.3) is obviously extremely difficult from both
the analytical and numerical standpoints.

Since the right-hand sides of Eqgs (2.2) are periodic in £, one can apply a change-of-variables procedure
analogous to (1.2), (1.3) (the averaging method). Since by assumption (X) = 0, it follows that, subject
to the smoothness conditions, ((X, p);) = 0. By a simultaneous change of variables (x, p) — (y, q) of
the form (1.2)

0
x=y+eX’(6y), p=q-e(g X, 1) (2.4)
one can reduce Egs (2.2) to a form analogous to (1.3):
2 3 t 0
eY(t,y, q)+eAY, Y‘—_—'XyX + F*

€0(1,y, @) +€'A0. 0=-(4,X1:X") +(q. Xy~ [(q. F), - G} I*

<.
i

(2.5)

<.
il
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Henceforth the terms 0(83) in (2.5) will be omitted, since they lead to O(g) errors in the solution for
At ~ €72, This assumption is certainly valid if the functions Y and Q satisfy Lipschitz conditions, and
AY and AQ are uniformly bounded in some domainy € D,, g € D,. The error is estimated using an
integral inequality (Gronwall’s Lemma). Note that the change of variables (2.4) and system (2.5) are
not canonical.

The approximate procedure of the averaging method consists in dropping O(¢”) perturbations and
averaging the functions Y and Q over the explicitly occurring time ¢. This operation is analogous to the
change of variables [5].

y = B+ [lY(r, & m) - Yo(& mldr, Yy = (V)

)

! (2.6)
g = M+ [[0(1, & M) - Q& Wdr, Q= (Q)

o

in Eqgs (2.5) and dropping O(¢®) terms in the system of equations for & and 1. The result is an averaged
system of equations that can be used to eliminate the coefficient &%

£ = Y&n), M = QyEm), T=¢€t 17,5150 2.7)

The autonomous system (2.7) must be integrated over an interval in which the change in the slow
time is of the order of unity, which significantly simplifies the computations. Note that, although the
truncated system (2.5) is not Hamiltonian, the averaged system (2.7) is canonical, with Hamiltonian

Ho(&,m,8) = €A, M), h=(n, (X;X" +F*)) - (G*) 2.8)

This property is established by constructing the canonical averaging scheme of the second approxi-
mation with respect to € for system (2.2) [3]. It may also be obtained by a preliminary transformation,
similar to (1.2), of the variable x in the initial optimal control problem (1.1), (1.5) (see below, formulae
(2.12)—(2.14)).

Thus, we can proceed to integrate — analytically or numerically — the system of canomcal equations
(2.7), which admits of an integral 2 = const (see (2.8)). The solution &(t, x°, p%), n(t,x°, p°) corresponding
to a family of Cauchy problems (p” e D, is an unknown parameter), provided that (§, ) € D, x D, for
Ty < T £ O, satisfies e-closeness condltlons like (1.4)

(x-&+|p-nl)sCe; tr<1<O™
(ly-&l +lg-nl)<Ce; ©,C = const

With x° fixed, 1f a famlly of solutions &,  depending on the parameter p° has been constructed, then
the unknowns p® or (p°, A) defining the solutions of boundary-value Problems 1 and 2, respectively, are
found from the system of finite equations

(8, 2", p°) = —-¢.(&(8,2° p"), p° = p°(®,1") in Problem 1
0 0., _ 0 o0, _ 0 0., .
8(€(©,x,p)) =0, N(O,x,p) = (A gE(®,x), p))xinProblem 2 (2.9)

P’ = p"0,x%, A =x0,x")

It is assumed that the roots p° or (p°, 1) of qu (2.9) have been determined and are simple, that is,
the Jacobians of the implicit functions for the xY and ©® under consideration do not vanish for these
values. Proceeding then as in [3], one can state the following

Theorem. The solutions of boundary-value problems (2.2), (2.3) and (2.7), (2.9) are e-close together
with respect to trajectories and boundary conditions. The stationary values of the functional J (1.5) will
also be close together if x and u are replaced by the following approximations

x = g0, p%), u=ur(tEm) (2.10)
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We have
[ J(u*(t, x, p)] = J[u*(1, &, M)]| < Ce

If there are several roots p” or (p®, 1), the selection criterion is the value of the functional J. The solutions
of the exact and approximate problems will be close together with respect to controls if u* is un1formly
smooth as a function of x and p.

Examples of such formulations are linear-quadratic problems whose coefficients are 2n-periodic
functions of ¢, with no constraints on the control [3] (see Section 3 and the examples in Section 4). The
expressmns for u* in (2.10) are 2r-periodic functions of ¢ and, in a certain way, of the slow argument
T = €%, through the functions & and 7. Fully expressed in terms of the arguments and parameters
introduced above, these functions are an open-loop control u, and a feedback control

0 -2
u* = up(t,T-15,0-T,,x), (<S1<O¢

(2.11)
uf(t,0,0-1,x), <1< e

u*

Controls (2.11) have pronounced resonant properties with respect to the initial (fast) time £ [3]. .

The Hamiltonian system (2.2) may be dealt with by a canonical change of variables (x, p) — (¥, q)
[2, 3] instead of the standard type (2.4). As the construction of the generating function and the
substitution formula is extremely laborious, the approach described in Section 1, involving the change
of a variables (1.2), seems preferable. In the control problem, Eq. (1.1) is reduced to the form

¥ = XX y) +EF W, y, w) +E W1, y, 1) - (@212)

with corresponding transformations in the boundary conditions and functionals (1.5). In the first
approximation with respect to g, they retain their old form, in which the variable x is replaced by y.
Evaluating the scalar product of the right-hand side of Eq. (2.12) by the adjoint vector g, subtracting
the function G(t ¥, u) and maximizing with respect to u € U, one obtains in the first approximation an
expression for u#* which is identical with (2.1) but withx — y, p - g. Thus, the system with the function

H*(1,y, 4, €) = £°(q, (X,(1, )X"(1,y) + F*(1, 5, 9))) -£°G*(1, y, )

(2.13)
= F(t,y,u*), G* = G(t,y,u*), u* =u*(t,y,9)
will be Hamiltonian. In the first approximation, the averaged Hamiltonian has the form (2.8):
(H*) = €’h, h = (¢, (X)X + (F%)))- (G*), h = const (2.14)

It is constant along trajectories of the averaged System In control problems for mechanical oscillating
systems, explicit dependence of the function u* (2.1) on the time (or phase) ¢ is achieved, as a rule,
through the function F (1.1). The integrand G in (1.5) may not depend explicitly on ¢ th1s is usually
the case in applications (see the examples in Section 4).

The approach outlined above considerably extends the range of problems of dynamics and control
for oscillating systems [3, 5] that can be handled by asymptotic methods. Together with the second-order
averaging scheme, one can also consider higher-order schemes [5], in which the perturbations and
controls are of significantly different orders of magnitude with respect to €. The problems are still of
considerable interest from the standpoint of the application of asymptotic methods in the case when
the functions F and G do not depend explicitly on the time ¢. By analogy with the approach outlined
above, one can investigate problems in which the completion time #; of the control process is not fixed.
In such cases the formulations of the problem must correspond to the interval At ~ ¢ under
consideration. For example, in time-optimal control problems it is assumed that F ~ €%, where the
control u is confined to a bounded domain U.

3. LINEARLY QUADRATIC OSCILLATION-CONTROL PROBLEMS

Let us consider a linear analogue of control system (1.1), with appropriate boundary conditions and
integral quadratic functionals J; ; (1.5), (1.6) of the form
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% = eA()x+E[C(Hx + B(Dul, x(t) = x5 |ul <oo

t
1 T 2
Jy[u] = §(x-xf) N,(x—xf)|,f+%J.uTG(t)udt in Problem 1

)

3.1
f o (3.1)
Ny(x=xD)|, = 0, Jylu] = -Z—J-u G(t)udt  in Problem 2
)

tOSIStf - @8—2

where G is a positive-definite (symmetric) n, x n, matrix and B is an n, X n, matrix. The matrices 4,
B, C and G are 2n-periodic functions of time. As in Sections 1 and 2, it is assumed that (A) = 0, that
is, A%(¢) is a 2n-periodic matrix.

We will first use the approach of Section 1, which is exact with respect to powers of € and requires
a preliminary-vector transformation x —y. We again obtain linearly quadratic control problems

= [E+ed’ D))y, A° = ]A(t')dt‘, ¥(tp) = x(t) = x°

X =
fo
v = €C,(y+€B,(Du, ¥ = [E+ed’ep] ¥
C.() = (E+e4% 7 (AA°+C), By(1) = (E+eA™) B (.2)

| ”
J,[u] = %(y_yf)rzvﬁ(y_yf)|,f+%juTG(t)udt in Problem 1
. i ty
Iy

2
N5yl = 0, Jolul = 5 [u'G(ryudr in Problem 2
. Y
The matrices N§ , are obtained by standard algebraic operations and depend on the parameters €
and #;; moreover N1, = Ny, + O(g).

Problems (3.2) will be dealt with by applying the necessary optimality conditions in the form of the
maximum principle [3, 6]. By analogy with (2.1), we obtain exact expressions

u = u*(,y,q,€)= G‘l(t)B:(t)q, H¥(t,y,q9,¢) = Ezhs(t, ¥, q)
T 1 T -1 T (3.3)
he=q Cg(t)y + 59 R.(1)q, R.(t) = B{()G (1)Be(1)

The linear boundary-value problems of the maximum principle corresponding to problem (3.2),in
formulations that are exact in powers of €, take the form

y = €2C£(t)y+£2Re(t)q, ;= _gzcsr(t)q
q(te) = —N‘;'(y.(tf)—yf) in Problem 1 (3.4)
Niy()-y) = 0, q(t;) = A'N; in Problem 2

Equation (3.4) for the momentum q is integrated independently of the phase vector y. The approximate
solution &, n of the Hamiltonian system (3.4) over a time interval £ ~ £ may be constructed to within
a given accuracy in powers of &. To within O(g), it is described by the relations
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£ = ((AA%) + (O)E+ (BG'BN)n

E(te) = 15 M = ~((AA% +(O)n (3.5)
ne) = —N,(é(e)—xf) in Problem 1

Ny(&(@)-x') = 0, n(®) = A'N, in Problem2

The dot denotes differentiation w1th respect to the slow time T = €%; the variable (argument) T varies
in the range €% = 1)< 1< O = stf

System (3.5), which has constant coefficients, is integrated by either algebraic or numerical methods.
It admits of a first integral

(he) = 1"((AA%) + <O)§+%n’<BTG"B>n = const (3.6)

Note that if the matrices A and A° commute (in particular, if they are- diagonal), then (44% = 0.
Indeed, by (3.2), we have

1 1.0 -
2dt(AA) AA+2AA AA(=A"A)

which implies the assertion. The solution of problem (3.5) becomes elementary when {C) = 0, since
€ = P (Rpn(T-13), M = const | 3.7
For the boundary conditions to be solvable, the matrices M , defined by
M, = E+ N (Rp»)(®-1,) inProblem 1

Ny (R)(©~1)) 0 (3.8)

M, = in Problem 2

must be non-singular. By virtue of our assumptions, the matrix M 1 is symmetric and positive-definite,
hence non-singular. The matrix M, will also be invertible if det(N 2{R)N;) # 0, which is indeed assumed.

A brief outline now follows of an averaging method of the second degree apphed to the initial problems
(3.1). Using relations (2.1), we obtain exact expressions for the optimal control u* and Hamiltonian H*

u = ukt,x,p) = G (B (1)p, R(t)EB(t)G' (nB'(1)

H*(t, x, p,€) = epTA(t)x + sz[pTC(t)x + %pTR(t)p] 39
The boundary-value problems of the maximum principle are similar in form to (2.2)
X = eAx+€(Cx+Rp), x(tg) =1, p=-eAp-e’C'p
p(t;) = -N(x(t;)-x") in Problem 1 (3.10)

Ny(x(t))-x") =0, p(t;) = AN, in Problem 2

Applying a transformation of type (2.4) to Hamiltonian system (3 10), one can eliminate the O(g)
terms; this gives the expressions

x=y+eA’(ny, p=q-eA"(t)q

<.
1]

£ CTy +e(E+eA%) R(E- ea’Nyq (3.11)

¢ =-€C'q, Ci=Ci+eaCt, Ci2C
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The mattices C; (¢) are obtained by standard operations in terms of A@), A1), C(t). As remarked
in Section 1, the change of variables (x, p) — (¥, g) is not canonical, either in the exact sense or in case
when terms O(e®) 1n the equations are ignored. Thus, considering the first-approximation systems
(excluding terms O(g’ )) corresponding to (3.4), (3.11), one obtains different representations. Equations
(3.4) are Hamiltonian in any order of approximation with respect to powers of &. The transformation
and system (3.11), in contrast, are not canonical, because

Cy = AA"+C=C, Cy=-4°A+C

Averaging over t, however one can prove that (Cg) = {Cp), which is established by mtegratlng the
express1onsAA or A% by parts. An analogous Hamiltonian property of the averaged systems in the
first approximation with respect to e was noted in Section 2 for the general case of non-linear functions
X,Fand G. =

4. EXAMPLES

We will now consider some model optimal control problems over an elongated time interval for
oscillating systems with one degree of freedom.

1. Control of the phase of the oscillation by parametric section. Based on the technique outlined in

séction 2. Let us investigate a system of the form

i+ 0°x = ew(x, x)+82f(x, Hu, x(0) = X, #0) = £° (4.1)

where ew is a perturbation, assumed henceforth to be of low frequency and &*fu is a control term, where
the control u is to be determined. We may assume without loss of generality that the frequency wis 1,
and reduce Eq. (4.1) to the form of a system with rotating phase
X = asiny, X = acosy, a(0) = aO, y(0) = \vo
d = eA(a, y) +£°K(a, W)u, A = weosy, K = fcosy (4.2)
Vvo=14+ e¥(a, y) + £2A(a, W)u, Y = —(w/a)siny, A = —(fla)siny
For s1mp11c1ty, we set w = ya and f = fx, where y and P are constants. As a result, the equation for

y in (4.2) is separated out and, after introduction of the slow variable ¢ = v -7, may be reduced to
the standard form

‘ = eysin(t + @) — ezﬁusinz(t +9), o) = \vo 4.3)
h We _fdrmulaté a control problem of type (1.5) for system (4.3)

U

Jlul = 3kgX(t) +€'1Mu), 1Tu) = 3 [u’dsr (inProblem 1)
0

ol

(4.4)
O(1y) = 0, Jylu] = €Ilu], t; = O€”, |ul<eo (in Problem 2)

where k > 0 is a weighting factor in the functional J; of (4.4) and no further (e.g. geometrical) constraints

are imposed on the control u.

Applying the procedure described in Section 2 to the optimal control problem (4.3), (4.4), we obtain
the control and averaged boundary-value problem in the first approximation as

wt = Pprsin’(c+8), & = -7+ 3B, €0 = v (45)
where 1 = const. The boundary conditions imply
-1 )
n = k(%'f@— \v")(l + %kﬂ’@) in Problem 1
(4.6)

CMpseM* = E}é(nge—gwo), n =n* Iu*] = }‘anze in Problem 2
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It follows from (4.5) that the amplitude of the control #* and the cost I of the control decrease as B
increases. The effect of the low-frequency noise w is independent of the sign of y; the noise may promote
or obstruct the required variation of the phase correction ¢. oo

Besides the above formation, one might consider another, in which the quantities ¢, ¢°, ¢/ = o)
are defined modulo 2=, that is, ¢ and ¢ * 2r are identified. Standard methods [3] may be used to
investigate the problems with additional constraints of the type |u| < uq. .

2. Control of quasilinear oscillations. Consider the following non-linear system with one degree of
freedom [6]

F+®(2) = —~AZ+V, 2(0) =2’ #0) =2 | (4.7)

where @ is a non-linear increasing force, A is the coefficient of dissipation and V' is the control. Let
®(0) = 0, ®'(0) = @ > 0; the higher-order derivatives @, ®", ... may take arbitrary values at z = 0.
We shall characterize the deviations z by a small parameter €: z = &5. Assuming that A and V' are
sufficiently small, we reduce system (4.7) in dimensionless time ¢* = ot (the asterisk will henceforth
be omitted) to the form

F+s5 = £as2+82ﬁs3—82x§+£2u+€3..,; s(0) = sO, s‘(O) = s‘o
4.8
o=-1070), B=-—10"0), ex=2 u=_ “8)
20 v 60 | ® @

The variables s, s, the control u and the parameters 5.58° a, B, x are assumed to be quantities of the
same order of magnitude as unity. With the phase variables s, s replaced by Van der Pol osculating
variables x;, x,, the equation of the controlled motion (4.8) may be reduced to the form of a standard
system (1.1) in which '

§ = X,COSI+ x,8int, § = —x;sint+ x,cost
2. 3. . 0

X, = —as’sint, F; = —(Bs”—xs+u)sinz, x,(0) = s 4.9
2 3. 0

X, = as'cost, F, = —(Bs” —xs+u)cost, x,(0) = s

Substituting the expressions from (4.9) for the variables s and s into the functions X; and Fi(i = 1, 2),
it can be verified directly that (X;) = 0 (i = 1, 2), that is, the control system satisfies the conditions of
Sections 1 and 2. We can thus formulate and investigate specific optimal control problems of type (1.1),
(1.5) for the system over an interval 0 <¢ < ©e™ Such formulations may be either the build-up or
extinction of oscillations |x(t)| = |x(0)|, or a simultaneous variation of amplitude and phase, that is,
the components x;(#) and x,(¢;) must take given values.

As a simpler problem, let us consider control of the oscillation amplitude. To that end, it is convenient
to replace the variables xy, x, by “amplitude-phase” variables, using Bogolyubov’s substitution [1-3]

s = acosy, § = -—asiny, a>0

d = eX,(a, ¥)+EF (a, 1), a(0) = a® = (sZ+52)"

V= L+eXy(a W) +EF @ u), wO) = ye[0,2m) (4.10)
X, = —aszsin\p, F, = —(Bs3—xs'+u)sinw

Xy = —asza_lcos\y, Fy = —(ﬁs3—xs'+u)a_’cosw

Substitute the expressions from (4.10) for the variables s and$ into the functions X, , F, . Ifa = 0,
the substitution is singular (the phase y is undefined); Hence, if a = 0, we have to apply accurate
reasoning and then evaluate the relevant limits [3]. Note that for the averages with respect to y, we
have (X, ) =0foralla > 0.

We can formulate a problem of type (1.5) for system (4.10), in which the amplitude a is assumed to
vary in the required way '
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2°f
J,[u] = g[a(t)—af]2+%ju2dt, ue U in Problem 1

0
(4.11)

2"
a(ty) = a’ 20, Jyul = 87_’-L42c1’t, 1 = —95 in Problem 2
3

Apprommatlon solutlons of the optimal control problems (4.10), (4.8) with error O(¢) may be
constructed quite simply, if the time argument ¢ is replaced by the phase y. Dividing a by y, we obtain
an equation

a@ = X (a, )+ E[-X,(a, V)Xy(a, W) + F(a, v, 0], a(y’) = a’ (4.12)

with argument vy, y’ <y < Wy Here the final value of vy is unknown, but it may be shown to within a
relative error 0(82) that y, = @8 , which is admissible to within the required accuracy. Thus, ¢t may be
replaced by  in expressions (4. 11) and the scalar problem (4.12), (4.11) for the amplitude a can be
investigated using a second-degree averaging scheme (see Sections 1 and 2).

With no constraints on the control u of (2.1), we obtain u* = —psiny, where p is the variable conjugate
to a (the momentum). In the first approximation with respect to €, one obtains two-point boundary-
value problems:

§-=_x7é+n2—, n=%n 0 =¢e'y; &0 =a’

—k(?,(@)—a }  in Problem 1 (4.13)

C
1]

n
E(O®) = a’  in Problem 2

The prime denotes differentiation of the averaged amplitude £ and momentum 1 with respect to the
slow phase 9.
Solution of boundary-value problems (4.13) yields simple expressions forn =1, ,

n = k(ajr a exp(—-(@) 90)))(exp%(®—90)+;{sh%((-)—eo))—lexp%(e—ﬂo)
N, = (af_a exp(——(@ 60)))+x(sh§(®—90))—1 (4.14)
£, = a°exp(-’§‘(@-eo)) n;czshx(e 8,)

where 111 , are the values of ; , at © = 6y; they are expressed in terms of a" and the parameters , k
and © — 6, by formulae (4.14). Note that as k — « the coefficients satisfy the relation n; — m;,, and

moreover &(@) — & for problem 1 (4.8).
Substituting 1, , for p into the formula for the control u* we obtain constructions of the required
open-loop and feedback controls, respectively

&
1t

* = n(a’,0-8y, © - 8,)siny

u¥ = 1(a,0,0-0)siny, 6 =¢y

s

The analogous elementary techniques outlined in Section 2 may be used to construct solutions
with additional constraints on the control u, such as u~ <u <u”*. After the boundary-value problems
have been reduced to the form of (2.5), the investigation is continued along the lines of the procedure
in [3].
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